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INTRODUCTION

Mathematical studies of epidemics in human populations and models of the spread of agricultural pests and
diseases developed independently (28, 24). MacDonald’s modeling of malaria (21,23) and Vander Planck’s
plant epidemiology,  belong to two very different intellectual communities, were located in different institutions,
and published in journals that had few readers in common (10,25,32). And yet their basic intellectual problems
were the same: the understanding, predicting, and intervening in the population dynamics of species that share
our ecological space and may harm us (26). Both fields are grounded in population ecology (13) and share the
methodologies of differential equations, difference equations (9), and computer simulation to represent predation,
contagion and parasitism (22, 31). More recently, with the emergence of new diseases and the resurgence of old
ones, has it become obvious that these fields of research and also veterinary epidemiology overlap and can
benefit from each other (8).

The goal of economic entomology and plant pathology is not the elimination of a pest or disease but the
protection of the harvest in a way that it is inexpensive, protects agricultural workers and consumers, and does
not harm environment or make our production system more vulnerable to future outbreaks. Sometimes this
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does require eliminating a pest, but not always (11). The pest may be diverted to other, less valuable, trap crops.
A virus might infect a plant only after the critical period when it can inhibit plant growth and development so that
we aim to delay its arrival. An herbivore may feed on parts of the plant that do not affect yield (the rice yield
depends on the uppermost leaf only). A bird might eat some grain but also feed on the herbivores. The woodpecker
might drill into cacao pods, but only the damaged ones, to feed on the herbivores that are already there. The
sorghum shoot fly kills the growing stem of a sorghum plant. This stimulates till ring, the growth of new shoots
from secondary buds, and might actually increase yield. It is harmful only because the shoots are not of uniform
height and make harvesting more difficult in mechanized systems. An herbivore that feeds on the lower, shaded
tomato leaves may reduce humidity that favors fungi, and remove al location of respiration that does not
photosynthesize (16). When tomatoes ripen, exposure to sunlight is beneficial and herbivores that remove the
upper leaves improve fruit quality. Therefore the starting point of our work has to be to determine what various
species in the agro-ecosystem really do to the harvest (9)

Ordinary differential equations are continuous models (9). Therefore they presume that all stages of the life
cycle of a population are present and generations overlap. They have the advantage of being more familiar than
other methods. If populations have many generations in the year, such as aphids or mites, a continuous model
is a reasonable approximation (6). They do not take into account the changing parameters during the day, or day
to day weather variation, since these observations are usually not available, but often can be averaged (15). Nor
do they usually recognize different life stages in the insects although we could write separate equations for each
stage (3, 34).

In what follows, we emphasize models aimed at understanding the sometimes surprising behavior of the
non-linear complex dynamics of elements of the agro-ecosystem (2). For that purpose we will use ordinary
differential equation, and ess familiar techniques of signed directed graphs, time averaging, and cellular automata.

DESCRIPTION OF THE BIOLOGICAL SYSTEMS USING DIFFERENTIAL EQUATIONS

In order to describe the biological system, we used equations having the form ,...),,( zyxf
dt
dX

=

where x, y, z… are species or other population variables.

Systems of differential equations can be solved numerically by computer to show the trajectory of the variables
provided if we know the parameters (33). Or if we do not know the parameters, we can use part of the data to
estimate them statistically and then test the model on the rest of the data (14, 29).

Difference equations are more suitable when a population has distinct cohorts starting with an invasion of a
field or emergence after spring rains or the first flush of young leaves, and has few generations in the year.
Changes within the time period of the model are absorbed within its parameters and we have:

- Simulating differential equations

When we use computers to simulate differential equations, the iterations make them really difference equations
with short intervals (35). These difference equations are descriptive using the dependence between n+1 success

and n success ),,(1 nnnn ZYXfX =+ , w ith perhaps also delays, so that ,..),,( 211 −−+ = nnnn XXXfX

When we work with differential equations, oscillations are usually represented by the period and amplitude,
often found from Fourier analysis (5). In difference equations the semi-cycle length is more common. The semi-
cycle is the number of consecutive steps on one side (below or above) equilibrium (7). It is more easily determined
from data since we can never really demonstrate that a variable has returned exactly to a previous value but we
can easily detect peaks and troughs of the trajectory. When the motion is chaotic, it can show sequences that
seem to be periodic of all periods but the semi-cycles can still be limited and can characterize the dynamics.

- Method of time averaging in order to determine the observed variation in a system

Time averaging is based on a single very powerful theorem: if x is a bounded variable, then the average of its
derivative in the long run is zero (7). The average or expected value of the variable is:
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It has a variance ( ){ }2)()( XEXEXV −=  and similarly we define the covariance by
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These formulas are used for determining what drives the observed variation in a system. For instance,
suppose that we have an herbivore H and a predator P related by the equations system:

        
)( qPHKH

dt
dH

−−=

        )( mrHP
dt
dP

−=

This model is useful in order to simulate prey – predator interaction (6, 14, 27, 35), K is the carrying capacity
for H and q the predation rate, r the reproductive rate of the predator and m its mortality. But, if we suppose that
K is dependent on environmental conditions and therefore varies while the other parameters are constant, then
we start with the autonomous equation and find the expected value:

),(}{}{ HPrCovmrHEPE
dt
dP

E +−=







The expected value of the left hand side is 0, E{rH-m} =0 and the average herbivore level is m/r, independent
of K.

Using define the covariance, we find that Covariance (H, P) =0. We can now use this result in equation of H
in the equation system (P, H).  Dividing by H, we find that E{K-H-qP} = 0 and that Covariance (H,K) = qVar(H).

Therefore when the system is driven from below, H tracks K and the predator is uncorrelated with its prey (it
lags 90o behind H). But if the system is driven from the predator end, say with variable mortality m, then we begin
with the herbivore equation:

- Variance (H) –q Covariance (H,P) = 0 so that Covariance (H,P) = -Variance (H)/q, showing that the covariance
of predator and herbivore is negative. Thus the mathematical model tells us how to identify the source of
environmental forcing in the system.

If we change the model so that the predator is density-dependent its equation may become

)( PmqHP
dt
dP

−−=

Then when K is the environmental variable we find that  qCov(H,P) = Var(P) >0.

Awerbuch et al. (1) and González et al. (12) showed that in the scale insect-wasp-fungus system in citrus, the
scale Lepidosaphes gloverii is positively correlated over time with its enemies. This supports the interpretation
that the annual cycle is driven from below, from seasonal changes in the trees or climate affecting the scale
directly and its enemies indirectly. But when we look across trees and sections of trees at any one time, the
correlation is negative. That implies that the differences among trees act directly on the enemies and from them
to the scales.

The method of time averaging can be applied to more complex communities. These can best be understood
with the help of signed directed graphs (loop analysis).
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- Signed directed graphs. Evaluated at equilibrium

The method of signed digraphs represents n ecological community by a network, a graph in which the
vertices are the variables (usually the numbers of a species or a stage in that species) and the sides connecting
them are the interactions. Suppose that we have a system of equations.

),,,,,,( 21321 hn CCCXXXXf
dt
dX

=

Where  Xi represents the variables and Ci are the parameters

The Jacobean matrix is the matrix of the first partial derivatives with the element ai,j  = ∂ fi/ ∂ xj.

This is evaluated at equilibrium, when all the f i  = 0. The term aij is the direct effect of variable j on variable i.
It is represented in the graph as the line from x j  to x i. Since we often only know the sign of that effect, the direction
of impact, we represent a positive a ij  by a sharp arrow - → and a negative effect by a round arrow head, —o. We
usually know the sign of an interaction even if we do not have an equation for it. Thus predators reduce their prey
and the prey increases the predator. There are two ambiguous cases. If variable x j affects variable i in different
ways by different pathways then we have to introduce the intervening variables. For instance if cyanobacteria
inhibit green algae by secreting a toxin but also fix nitrogen that the green algae can use, we could introduce
nitrogen as an additional variable, increased by the cyanobacteria and increasing the green algae, and then
have a direct negative link from the cyanobacteria to the green algae to represent the toxic effect. We could also
have done it differently, representing the toxin as an intermediate variable and nitrogen fixation as a direct
positive effect (23).

The second kind of ambiguity is whether to include a link from a variable to itself, referred to as auto-inhibition
or self-damping.  That can be answered by looking at the aii. A general guideline comes from the form of the
equations. Suppose that:

,...),,...,,( 21321
1 CCXXgX

dt
dX

=

Where X1 does not enter into f1 this is simple reproduction. The derivative with respect to X1 is:

1

1
121321

1

,...),,...,,(
X
g

XCCXXg
X
dt
dX

∂
∂

+=
∂







∂

At equilibrium, either x1=0 or g1(x2, x3,…c1, c2,…) =0. If species i is part of the system it is not zero, so g1 =0,
and since x1 does not appear in g1 the partial derivative is also zero. Therefore simple reproduction implies zero
self-damping (aii =0).

A variable which is not self-damped behaves as a sink in the system. On the other hand, if x i  is produced by

something else, as in chemical transformations or the photosynthate  then let ,...),( 321
1 XXgXA

dt
dX

−= .

Then the first partial with respect to x1 is –g(x2,x3,…) which equals -A at equilibrium.  Therefore variables
which are not self-reproducing are usually self-damped.

At the bottom of every ecosystem there are some self-damped variables such as available nutrients. If we
chose not to include these nutrients in the model, their self-damping is transferred to the next link up the trophic
scale. For instance suppose that some mineral is formed from geological processes in the subsoil and reaches
the plants at the rate a suppose further that the plant’s growth is determined by this nutrient. Then we may have
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Where M is the nutrient concentration, a is the rate of release of nutrient from the substrate, H is the plant
biomass, c the removal of nutrient by other processes, and d the rate of removal of plant biomass by senescence
or herbivore. Other parameters are omitted for simplicity of exposition (36). From the equation system, M reaches

an equilibrium at 
ca

H
+

, substituting that value in equation for 
dt

dH
 gives 
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Now differentiate with respect to H:
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which is  -a/d2  so that H is self-damped. Self damping is an important property of systems.

There is a correspondence between the matrix of first partials and the signed digraph. Define a cycle in the
graph as a sequence of links from variable x i back to x i with each variable on the cycle having only one input and
one output. The value of the cycle is the product of the aij around the cycle. A path Pij a sequence of links from
variable j to variable i that does not cross itself. Each variable on the path except the first and last has one input
and one output. The path Pii is assigned the value Pii =1.

The determinant of the matrix is a sum of products of the aij around cycles that do not overlap. Suppose the
L(m,n) is the product around m disjunctive cycles with a total of n terms in a matrix of order n. Then we define the
gain (or feedback) of that determinant as:

Fn = ∑∏(-1)m+1L(m,n)

Over all m≤n. That is, it is the sum of the products of all disjunctive loops totaling n terms. The  (-1)m+1 assures
that if all terms L in a product are negative then that term contributes negative feedback to Fn and if all cycles in
a network are negative then its feedback is negative. By convention, F0= -1. Finally, the complement of a path is
the remaining graph after the path is removed.

The graph can be used to study the local stability of the system and also the effect of parameter change on
the equilibrium levels of the variables. It is most useful when the matrix is sparse, that is when most aij =0.

The standard procedure for using the signed digraphs is to develop a table of the signs of change of equilibrium
levels of the variables when a parameter is changed. Figures 1-5 show several examples of ecosystem structures
and their consequences and were selected as examples in order to illustrate how we can use these models to
answer qualitative questions about agro-ecosystems.

QUALITATIVE QUESTIONS

One of the most frequents question is:  Why does an abundant natural enemy sometimes fail to reduce a
pest? (10).This always suggests that there is a sink absorbing the impact of parameter change. For instance in
Figure 1 let a plant biomass B is utilized by an herbivore H which is preyed on by a predator P. An input (change
of parameter) that enters the system by way of the plant (the amount of mineral nutrients, water or sunlight that
favor plant growth) affects plant biomass to the extent of the impact itself times the path to the plant equal 1
times the feedback of the complement (the herbivore-predator feedback loop) divided by the feedback of the
whole system (in this case –(self damping of plant) (herbivore/predator loop). The direct impact is positive, the
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path is positive, the complement has negative feedback and the denominator is also negative.  Thus the impact
of parameter change favoring the plant increases the plant biomass. The same parameter change spreads to
the herbivore providing more plant matter to feed on. Therefore this is a positive link. Its complement is the
subsystem of the predator alone, here taken to have no self-damping. Therefore, the population level of the
herbivore will not change. But the path from the plant to the predator is positive. The complement has 0 elements
and therefore its feedback is -1, and the denominator is negative. Thus the effect of improving conditions for the
plant in this model increases the plant and the predator but leaves the population of the herbivore unchanged.
This is understandable when we realize that the reproduction of the herbivore is increased by more food but is
consumed faster by the increased predator. Herbivore numbers are unchanged, but the individuals are younger
since mortality is greater.

Similarly, a positive input to the herbivore such as a more favorable temperature gives a negative path to the
plant, but the complement is the zero feedback of the predator and so the plant population is unchanged. The
impact on the herbivore population is also 0 since the complement is the feedback of the predator. Finally, the
positive input to the herbivore has a positive pathway to the predator so that the only change is an increase of the
predator. Changes which impinge on the predator reach the plant by a positive path (negative times negative),
the complement of this path has zero elements and therefore is -1 and the denominator is negative. Therefore a
change favoring the predator increases the plant. It has a negative link to the herbivore with a negative complement
and denominator resulting in a decrease in herbivore. And finally, the input to the predator is positive and the
complement is the subsystem herbivore-plant which has negative feedback. In this model, yield can be improved
by fertilizing the plant or increasing the predator but not by killing the herbivore. In fact, the use of pesticides can
increase the herbivore: the direct negative impact on the herbivore is nullified by the zero complement of the
predator while the negative impact on the predator is multiplied by a negative link to the herbivore to give a
positive effect. The use of chemical pesticides often increases the herbivore pest, not because it is more sensitive
physiologically to the chemical but because of its position in the network. It is harmed by the pesticide but that
effect is absorbed by the predator, and it is facilitated by the poisoning of its natural enemy. The predator suffers
loss both from the direct toxicity of the pesticide and by the killing of its prey.

Note that the conclusion does not depend on any exact equations for any of the variables. The structure of
the network, the signs of the links among them are suffice for qualitative conclusions. If we encounter a situation
where an intervention against a pest increases its numbers, we should look for a natural enemy that we are
poisoning.

The table of effects on the equilibrium levels and also, by a different argument on the average levels can be
used to interpret the observed correlations among the variables. If there are improvements in the crop conditions,
changes in the yield should not be correlated with the pest population but would be positively correlated with the
predator. If change enters the system at the herbivore level, there will be negative correlation between the crop
and the predator but neither will be correlated with the herbivore. Changes acting on the predator will result in a
positive correlation between predator and yield, and both will be negatively correlated with the pest population.

 

Predator  

Herbivore 

FIGURE 1. A simple plant/herbivore (prey)-predator 
system./ Un sistema simple planta /herbívoro (presa) - 
depredador 
 
Input to/effect on Herbivore Predator 1 
Herbivore + + 
Predator - + 
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How do we identify the most important natural enemy?

Suppose now that we have a pest with several enemies as shown in Figure 2. Now stability requires that all
the predators except possibly one of them must be self-damped. The impact of a change in a predator in the
pest is equal to its link to the pest times the complement, which is the product of the self-damping of all the other
predators, divided by the feedback of the whole system. Let a ii be the self damping of predator i, and let p i  be its
predation rate on the pest.

Let A =(-1)k times the  product of all the a ii  divided by the feedback of the whole system, where k is the number
of predator species. The effect of any predator i is then pi A/aii. That is, it is proportional to the intensity of
predation but inversely proportional to the self-damping of that predator. Entomologists usually look only at p i to
determine the most effective predator. This is why what seemed like a reasonable decision sometimes fails.
Self-damping reduces the effectiveness of a predator. Therefore we have to explain self-damping.

POPULATION GROWTH: SELF DAMPING

Every species population is regulated directly or indirectly by its density. Single-species models of population

growth of the form rX
dt
dX

=   would result either in unlimited growth if r > 0 or collapse to extinction if r is

negative.

Therefore the logistic model was introduced:







 −=

K
X

rX
dt
dX

1

where K is the carrying capacity of the environment for that species (28). Other forms of self-regulation are
possible. They all require that either reproduction decreases or mortality increases with numbers. The regulation
may be indirect, by way of the depletion of resource or because population growth increases its predator.

Self-damping may occur by way of migration as follows. Suppose that a population in a given area grows
according to:

mzyXf
dt
dX

+= ,...),(

 

Herbivore 

Predator 1 

Predator 2 

Predator 3 

FIGURE 2. Herbivore with multiple natural enemies/ 
Herbívoros con múltiples enemigos naturales 
 
Input to/effect 
on 

Herbivore Predator 
1 

Predator 
2 

Predator 
3 

Herbivore + 0 0 + 
Predator 1 0 + 0 - 
Predator 2 0 0 + - 
Predator 3 - - - + 
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where m is the immigration. Then ,...),( zyf
X
dt

dX

=
∂







∂

 But at equilibrium, 0=
dt
dX  so that 

X
m

zyf −=,...),( .

Therefore 
X
m

X
dt
dX

−=
∂







∂

That is, the self damping is inversely proportional to the immigration as a fraction of the total population. A
highly mobile species that is derived mostly from outside the field we are trying to protect will be less effective
that one whose population is self-contained, reproducing within the field.

A second source of self-damping occurs when mortality increases with numbers. This may occur when the
prey attracts its enemies, and an aggregation of prey will be especially vulnerable. A population will be considered
aggregated if it clusters more than would be expected from a Poisson distribution. This may come about because
some feeding sites are more attractive than others or because the insect does not move very much. In the case
of insects which are sessile after the initial instars such as scale insects, aggregation is a consequence of
offspring remaining near each other. It is measured, after Taylor by the coefficient b in the equation log(M) = a +
b log(V) (27).

Where M is the mean number of insects per leaf and V is the variance. The parameters a and b are estimated
from the data. For a Poisson distribution b=1, indicating random distribution. In most cases studied, 1 < b <2
indicating aggregate patter disposition.

 In work with the scale insect Lepidosaphes gloverii on Valencia oranges we found that after the crawler
stage the females show an aggregated distribution that decreases with instars as a result of differential parasitism
when more scales are present (12). Mortality as measured by the fraction parasitized by fungi or a parasitoid
increases with the number of scales on a leaf.

- When should we maintain populations of the pest in order to assure the presence of the enemy?

A predator may have alternate prey. Then the complement of the herbivore is the two-species feedback loop
as shown in the Figure 3. A generalist predator with alternative prey acquires self-damping from the prey and
therefore is less effective in biological control than a predator which specializes on the pest and responds more
strongly to its population growth. This can lead to the paradoxical result that a predator with a greater predation
rate may be less important in regulating a pest than one with less predation but also very much less self-
damping.

 Prey 1 

Predator 

Prey 2 
FIGURE 3. Predator with alternative preys./ 
Depredador con presas alternativas 
 
Input to/effect on Prey 1 Prey 2 Predator 
Prey 1 + - + 
Prey 2 - + + 
Predator - - + 
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The old manuals of “plant hygiene” called for the cleaning of the spaces between fields and the elimination of
any weeds or potential alternate hosts for the pest (30). However if a pest is absent its specialized parasitoids will
not be present either and there will be a delay between the arrival of the pest and its enemy during which the pest
might increase rapidly and harm the crop. Therefore it has been suggested that we need an alternative host in
order to keep the natural enemies available.

Since we have common sense arguments for opposite actions, a model is required to decide between them.
Figure 4 shows a situation in which there are two plant species. P1 is the crop that we want to protect and P2 is an
alternative host for the pest. H1 is the population of the pest herbivore on the crop and H2 is its population on the
alternative. N1 and N2 are the populations of natural enemy on the crop and the alternative host. Both the
herbivore and the enemy can move back and forth between the two plant species. We are interested here in the
impact of an increase in P2 on P1. There are two pathways: from P2 to H2 to H1 to P1 is a negative pathway. Pests
on the alternative host also increase the number of pests on the crop.

This process leads to the traditional recommendation to eliminate P2. Its complement in the graph is the loop
(N1, N2).  The natural enemy may or may not have self-damping, but the movement itself does not: migration
between the two plant hosts by itself would give:

         
2211

1 NmNm
dt

dN
+−=

         
2211

2 NmNm
dt

dN
−=

 

WEED 
PREDATOR 
ON WEED 

CROP PREDATOR 
ON CROP 

PEST ON 
CROP 

PEST ON 
WEED 

FIGURE 4. Herbivore on crop and weed, predator consumes it on both./ Herbívoro sobre un cultivo y 
una maleza y depredadores de ambos 
 
Input to/effect on Crop Weed Pest on 

crop 
Pest on 
weed 

Predator on 
crop 

Predator 
on weed 

Crop + -a + a + + 
Weed a + a + + + 
Pest on crop - -a + a + + 
Pest on weed -a - a + + + 
Predator on crop + + - - + b 
Predator on weed + + - - b + 
 

 



Rev. Protección Veg. Vol. 22 No. 1 (2007)

10

so that the net feedback from migration alone in the subsystem (N1,N2) is  -the determinant of the first partial
derivative:

        0
21

21 =
−

−
mm

mm

Of course the natural enemy may be self-damped for other reasons. If not all emigrants reach the other host,
we might have:

        )1(21
21

21 cmm
mcm

cmm
−−=

−
−

where c is the fraction of the emigrants that fail to reach the other host due to mortality during movement or
leaving the area.

Therefore maintaining an alternative host will be beneficial for the crop if the natural enemy has little or no
self-damping. In either case, the natural enemy will increase on both hosts when its prey increases on either
one.

MODELS OF PLANT PRODUCTION

In some cases it is useful to model the growth of the crop independently of the pests.

Fruit trees. The yield of a fruit tree depends on the conversion of the products of photosynthesis into harvestable
fruit instead of being lost to respiration or consumed by herbivores. Therefore the dynamic is one of producing a
soluble photosynthate and its removal. During the growing season the leaf mass of the tree does not change
much, so we can represent it by the production of the usable materials, R, at rate a. Then we may have:

Rca
dt

dR
−=

where a is the rate of production and c the rate of conversion into fruit. The accumulation of fruit is then equal
to the sum or integral of Rc during the period when fruit is formed. The average rate of formation of fruit is E{Rc}.
R reaches an equilibrium level at a/c, and the yield is simply a. Now suppose that some of the photosynthate is

consumed by respiration or other plant uses. Then we can change the model to )( 21 ccRa
dt

dR
+−=

where c1  is the rate of diversion of R to other uses and the rate of fruit formation. Now R reaches a steady

state at 
21 cc

a
R

+
=  and the yield is 

21 cc
ac
+ .

Now we introduce the herbivore H:

         )( 21 ccpHRa
dt

dR
++−=

         )( mpRH
dt

dH
−=
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where p is the rate at which the herbivore consumes nutrient and uses it for reproduction, and m is the

mortality of the herbivore. The first surprising result is that R now reaches an equilibrium at p
m

, independent of

a, and the harvest is p
mc2

. Neither c1 nor a enter into the result, but the harvest depends directly on the herbivore’ss

parameters of consumption and fecundity and the death rate. The herbivore equilibrium population is

p
cc

m
a

H 21* +
−=

Here c1 and c2 depend on the tree and can be influenced by fertilizer and the weather.

Notice that the physiological efficiency of the tree in using nutrients reduces the herbivore population. Finally,
p is the feeding rate (here we merged it with herbivore reproduction but it need not be so). We can ask, what is
the relative importance of herbivore reproduction and mortality in yield and of plant parameters on the herbivore
population? If we slow down herbivore feeding and reproduction, will that offer more protection than increasing
its mortality? This model can be criticized from many points of view. The plant parameters may depend on the
weather and therefore not be constant, or some of the photosynthate may go into vegetative growth that increases
a. Other models may be introduced to capture the specific problems of different fruit crops (Figure 5). The
qualitative result here is that under herbivore pressure, control of the crop passes from plant physiology to the
herbivore dynamics.

- Pasture

Tillman and his colleagues have examined the population dynamics of perennial grasses in which new growth
is inhibited by previous growth (31). Other author studied a number of models to capture this dynamics (17, 30).
The variable was plant biomass from one year to the next. Therefore a difference equation is the appropriate
method. The grass next year, xn+1, consists of the survival of grass from this year and new growth. Suppose that
a fraction a of this year’s grass survives (a<1). Suppose further that new growth is proportional to b from
underground roots, but only occurs in microsites without previous plant cover. Suppose that s is the probability
that a microsite is shaded by a unit of grass . Then 1-s is the probability that it is not shaded, and (1-s)x is the
probability that it is not shaded by any of the x units of grass in that patch. Therefore new growth is b(1-s)x(n)  or
be-xln(1-s). Substitute for convenience r=-ln(1-s). This gives a plausible equation x(n+1) = ax(n) + be-rx(n).

Since ln(1-s) is negative, multiply the equation by –ln(1-s) and let y(n) = -x(n)ln(1-s). Then we are left with the
resulting equation y(n+1) = ay(n)+rbe-y(n).

Difference equations can be simulated more easily on a computer than differential equations.

 

plant herbivore predator 

FIGURE 5. Plant –Hervivore – Predator system./ Sistema planta-herbívoro-depredador 
 
Input to/effect on Plant Pest Predator 
Plant + 0 + 
Pest 0 0 + 
Predator + - + 
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The interesting result of this analysis is that if a
a

earb −
+

+≤ 1
1

)1(   then the equation has a stable equilibrium.

If a
a

earb −⋅> 1  then y, and therefore x, will oscillate from year to year even under constant environmental
conditions.

Here r reflects scaling and constant properties of the grass. The result means that if the quantity of grass is
dominated by carry over from the previous year then it will be stable, but if it is dominated by new growth the
system may oscillate. Since herbivores can affect survival of grass or new growth (for instance if they attack the
meristematic buds), herbivores may act either to stabilize or destabilize the pasture.  Grazing intensity acts on
grass survival, a. Greater grazing pressure reduces a and makes it more likely that the pasture will oscillate.

Other models make use of different equations but they all have in common that the reproductive rate of grass
decreases with grass abundance. Some models also make survival sensitive to grass levels. We can also allow
the litter of this year’s grass to inhibit new growth, but last year’s grass may have decayed already and released
nutrients so that we have a delay equation such as y(n+1)= ay(n) + (b+cy(n-1))e-y(n).

A graphical approach to a difference equation could be carried out using the procedures of the web map.

THE WEB MAP

A scalar difference equation xn+1 = f(xn)  can be visualized graphical as follows. Plot  xn+1 as a function of xn in
the positive quadrant. Draw the 45o bisector of the quadrant. The equilibrium point is the intersection of the
bisector with the function. Start from any value of xn-1 along the xn-1 axis, and draw a vertical line to the function.
Then draw a horizontal line to the bisector. This gives us the next value, xn+1. Repeat the process: vertical line to
the function, horizontal to the bisector. Successive iterations generate the trajectory of a solution of the equation.
It may approach equilibrium monotonically or in an oscillatory fashion or move into periodic or chaotic trajectories
depending on the equation. If f(xn) is the peak( or trough) of the function, xn+1 gives the maximum (or minimum)
of the permanent region of the solution and the next iteration gives the minimum (or maximum). These bounds
together give the region of permanence. If a solution starts in the region of permanence it will always remain in
that region, and if it starts out that region it will enter the permanent region within three semi-cycles for models
with a single extremum.

The nature of solutions of the scalar difference equation depends on the shape of the function. If  the slope
of f(xn)  is between -1 and 1 at equilibrium, the equilibrium is locally stable, while if the slope is outside that range
it is unstable. A periodic solution is stable if the product of the slopes around the periodic solution lies between -
1 and 1. If all periodic solutions are unstable and the solutions are bounded then we have chaotic behavior.
Chaos fits into the analysis of semi-cycles as follows. After finding the peak, maximum and minimum of the
function (thus giving us the region of permanence), we find the pre-images. The first pre-image is the root other
than equilibrium of f(pre-1) = x* where x*is the equilibrium. The second pre-image is the solution of  f(pre-2) =

pre-1 and so on. This divides the interval (0,∞) into segments bounded by the pre-image

If Pre-1 <xn <x*   Then xn+1 >x*.

If Pre-2 < xn < Pre-1 Then  Pre-1 <xn+1 <x*, and so on.

If Pre-(k+1) < xn <Pre-k Then Pre-k < xn+1 < Pre-(k-1).

The pre-images may fall outside the region of permanence. The maximum semi-cycle length in the permanent
region is k if k is the highest pre-image within the region of permanence. Thus we can find the maximum semi-
cycle length from the number of pre-images on each side of equilibrium. From a theorem by Li and Yorke (20) we
see that if pre-2 is in the permanent region then the equation is chaotic. That is it has periodic solutions of every
period and non-periodic solutions near them, and shows extreme sensitivity to initial conditions. Yet even for
chaotic equations the semi-cycle lengths are limited by the number of pre-images in the permanent region.
Whereas the stability of local equilibrium and periodic solutions depends on the slopes at the equilibrium points,
chaotic properties depend on the shape of the function, the relative positions of the landmarks peak, equilibrium,
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maximum, minimum, and the first two pre-images (18,19).

In order to understand how the shape of the curve determines the behavior of the solution of the equation, we
can construct a difference equation out of line segments. If we use only two line segments, the first one has to
have a slope greater than 1 in order for there to be a positive equilibrium. If the second segment has a slope >-
1, the equilibrium is locally stable while if it has a slope <-1 the equilibrium is unstable and the equation is chaotic.
A more interesting situation arises when we use more line segments. Choose the initial point for each segment
bi  and the slope of that segment, si.

Then the function g(x) has the piece-wise continuous non-delay difference equation:

 Xn+1 =g(Xn).

The relation of equation of g(x) is here taken to be a series of six line segments. The segments break at the
points b0 ,b1,… b6 . The parameters s i are the slopes of the segments, and the c i  the heights of the curve at each
breakpoint. We first set the bs. Then we have the choice of working with the heights (cs) or the slopes s. Whichever
we choose, the other is then determined.

This model is only a rough representation of real relations between successive populations. The discontinuity
of the slope at the breakpoints does not cause any trouble, but the peak in these models is abrupt, without
necessarily passing through a flat region of zero slope the way a continuous f(x) would. That limits possible
outcomes.

The power of this model is that we can alter the shape of the curve in sections and therefore discover what
we mean by “shape”. We can keep the same equilibrium point but change the steepness of the slope around
equilibrium, or change the height of the function and therefore its maximum. By choosing s1 to be positive, s2,
negative, s3 positive, s4 negative we produce a two-peaked function. This representation is used to find the
consequences of different interventions. Suppose for instance that we use some economic threshold to trigger
and intervention. If the threshold is above equilibrium for the pest population, increasing mortality by our intervention
makes the slope steeper. It does not affect equilibrium or the pre-images but maskes the minimum value smaller.
Therefore it can bring pre-2 out above the minimum, into the permanent region, and result in chaotic behavior.
An intervention which increases pest mortality when it is rare can preserve stability. Stability is not necessarily
desirable nor chaos undesirable, but the dynamic impact of our activity has to be understood.

What if we do not have observations on the predator?

If we have a pair of equations in two variables, we can sometimes solve for one of the variables in terms of
the other. This gives us an equation of higher order but in one variable. Thus consider for example the pair of
equations for an herbivore and its predator:

         )(1 nnnn qPHKHH −−=+

          )(1 mqHPP nnn −=+

g x( ) c0 s1 x b0−( )⋅+ b0 x≤ b1<if

c1 s2 x b1−( )⋅+ b1 x≤ b2<if

c2 s3 x b2−( )⋅+ b2 x≤ b3<if

c3 s4 x b3−( )⋅+ b3 x≤ b4<if

c4 s5 x b4−( )⋅+ b4 x≤ b5<if

c5 s6 x b5−( )⋅+ b5 x≤ b6<if

0 otherwise

:=
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Suppose that we have a long series of observations for H but not for P. Then we can solve equation for P:

)(
1

nn

n
n HKHq

H
P

+−
−

= +

and adjusting subscripts to the conventional form  we end up with:

11
1

2
1 )(

−−
−+ +−

−+−=
nn

n
nnnnn HKH

H
mqHHHKHH

This is now a second order equation but only in H, the observed variable. Statistical methods can estimate
the parameters k, q and m. Thus we can find the predation rate and mortality of the predator even without
knowing its identity. But once we have estimated the mortality m, its reciprocal estimates the life expectancy of
the predator. If m is large, say 0.14 per day, the life expectancy is on the order a week, and we can suspect the
predator is a mite, whereas if m is 0.01 and life expectancy is 100 days we can look for a larger enemy.

CELLULAR AUTOMATA

All of the above models treated the herbivore/enemy dynamics at a point, without considering space except
as migration rates. But a farming region is a patchwork of habitats, each with its herbivore and enemy populations
and linked by migration. Cellular automata is a simulation procedure in which we assign initial conditions and
parameters to each patch and examine the spread or containment of a pest (4). The patches may be of different
kinds. For instance in the case of the bean golden mosaic virus and its whitefly vector, a patch may have a crop
which is or is not vulnerable to the virus, suitable  or not suitable for whitefly feeding or reproduction, open to
whitefly movement or an obstacle. Planting may occur on different dates in the different patches. Clearly this
would be too complicated for analytic methods except in extremely simplified cases so that simulation is the
preferred technique. After assigning patch characteristics according to the crop and date, we have equations for
each variable in each patch and the migration pattern among them. In each iteration the internal dynamics within
a patch and the migrations among them give the values for the next time period.

The model may set up according to two strategies. The first strategy takes a real region with its crop pattern
and attempts to simulate the process of outbreak, damage and decline of pest. Our own interventions appear as
factors influencing mortality and migration in each crop. Usually the outcome we want to measure is the damage
caused when we manage the system in different ways.

The second strategy poses theoretical questions. For instance, if fields are homogeneous in blocks of patches,
how do the size and shape of the patch affect the outcome? What is the effect of partial barriers to movement?,
of staggered planting dates?, of unexpected weather? What is the vulnerability of the system to unexpected
conditions or errors of intervention? These studies do not apply to any particular place but establish principles
that can then be tested in models of individual farms or farming regions.

CONCLUSIONS

1. Qualitative and semi-quantitative models in agricultural ecology are useful for understanding the dynamics of
even moderately complex systems where common sense alone can often be misleading. It can help decide
between alternative explanations, explain puzzling phenomena and guide decisions about intervention. They
also point to situations where further quantification is needed and suggests when to use computer simulation.

2.  Some models are suggested such as:

a) When only herbivore is self-damped, if two signs along a row are the same, the variables will show a
positive correlation when environmental change enters the system by way of that variable, and if the signs
are opposite there will be a negative correlation. Increased food supply does not change the population of
herbivores because increased reproduction is compensated for by increased predation, but the population
is younger and possibly of larger individual size.
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b) When an herbivore with more than one enemy, one of which is not self-damped, it shows that the impact
of a predator is proportional to its predation rate but inversely proportional to its self-damping. Therefore,
the self-damping is an object of research.

c) When a predator has more than one prey, any change that reduces one prey species reduces the predator
and therefore increases the other prey population. Thus the two preys interact as if they were competitors,
but indirectly, by way of their common predator. Therefore changes entering the system by way of the prey
generate a negative correlation between them and a positive correlation with the predator, while changes
originating at the predator level generate a negative correlation between the predator and both prey and a
positive correlation between the prey.

d) When is advisable to maintain a pest on some alternate host in order to maintain a specialized parasitoid,
the answer depends on whether the predator is self-damped as a two variable system (the self-dasmping
from movement between crop and weed cancels itself out). If the self-dsamping of the predator is strong,
the symbol a in the table is positive. The symbol b is positive if migration of the predator between weed
and crop is stronger than the indirect effect by way of predation and migration of the pest.

3. For the analysis of logistical growth in the population, the work sheet includes the samples of the density,
some economic threshold and parameters to increase natality or mortality. In the model, population growth
follows the familiar logistic when the population is below the threshold b, and then survival decreases by an
additional exponential factor. Since in this model the threshold is above equilibrium it has no effect on the
equilibrium value itself or the maximum, but lowers the minimum to values below of the equilibrium. Therefore
although it can reduce the average population of the pest it results in increased fluctuation with occasional
higher peaks. If the equilibrium is stable, it will eventually be captured by the equilibrium. But meanwhile new
perturbations can displace the population from equilibrium and it will continue to fluctuate.
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